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Abstrat
In quantum osmology the losed universe an spontaneously nuleate out of
the state with no lassial spae and time. The semilassial tunneling nuleation
probability an be estimated as P ∼ exp(−α2/Λ) where α=onst and Λ is the
osmologial onstant.
In lassial osmology with varying speed of light c(t) (VSL) it is possible to
solve the horizon problem, the flatness problem and the Λ-problem if c = san with
s=onst and n < −2. We show that in VSL quantum osmology with n < −2 the
semilassial tunneling nuleation probability is P ∼ exp(−β2Λk) with β=onst and
k > 0. Thus, the semilassial tunneling nuleation probability in VSL quantum
osmology is very different from this one in quantum osmology with c=onst. In
partiular, this one is strongly suppressed for large values of Λ.
1 Introdution.
Among the most interesting alternatives to inflation in physis nowadays are truly the
osmologial models with varying speed of light (VSL)[1℄, [2℄
1
. In simplest ase the speed
of light c = c(t) varies as some power of the expansion sale fator: c(t) = san(t), where
onstant s > 0. Summarizing some of the promising positive features of these models:
1. It an solve the horizon problem if n < 0.
2. It an solve the flatness problem in a radiation-dominated early universe if n < −1.
3. In ase of n < −2 the VSL models an solve the Λ-problem in a radiation-dominated
early universe while inflation models an't handle it without the aid of the anthropi
priniple.
Of ourse, these VSL models result in some shortomings and unusual (unphysial?)
features as well [3℄:
1. It is not lear how to solve the isotropy problem.
2. The quantum wavelengths of massive partile states and the radii of primordial blak
holes an grow suffiiently fast to exeed the sale of the partile horizon.
3. The entropy problem: Entropy an derease with inreasing time.
1
In fat, there are many artiles about this matter. But we'd like to restrit ourselves to onsider only
those ones whih has been used in this work.
Keeping in mind all the above-mentioned problems we'd like, nevertheless, to onsider
VSL quantum osmology. There are known the three ways to desribe quantum osmol-
ogy: the Hartle-Hawking wave funtion [4℄, the Linde wave funtion [5℄, and the tunneling
wave funtion [6℄. In the last ase the universe an tunnel through the potential barrier
to the regime of unbounded expansion with semilassial probability P ∼ exp(−α2/Λ).
For the universe filled with radiation this result an be obtained in framework of a stan-
dard WKB wave funtion for a partile in a potential U(a) = c2a2(1 − Λa2/3), with the
small energy E, see Fig.1. We have two Lorentzian regions (0 < a < a′i, a > ai) and
one Eulidean region (a′i < a < ai). The seond turning point a = ai orresponds to
the beginning of our universe. If Λ = 0 then U(a) has the form of parabola and we
get only one Lorentzian region (see Fig.1). In this ase, the universe an start at a = 0,
expand to a maximum radius and then reollapse. If E → 0 then the single Lorentzian
region is ontrat to the point. This, of ourse, omes to an agreement with the tunnelling
nuleation probability: P→ 0 as Λ→ 0.
In this artile, however, we'll show that in quantum osmologial VSL models the
situation an be opposite, viz: the probability to find the finite universe short after
it's tunneling through the potential barrier is P ∼ exp(−β(n)Λα(n)) with α(n) > 0 and
β(n) > 0 when n < −2 or for −1 < n < −2/3. After the tunneling one get the finite
universe with "initial" value of sale fator ai ∼ Λ−1/2, so the probability to find the
universe with large value of Λ and small value of ai is strongly suppressed. The reason
of this is that, for the ase Λ→ 0, the potential U(a) is transformed into the hyperbola
whih is loated under the absissa axis and thus suh a universe an start at a ∼ 0 the
regime of unbounded expansion (see Fig.2). As a result, we get the single Lorentzian
region whih is not ontrat to the point at E → 0.
2 Albreht-Magueijo-Barrow VSL model
Lets start with the Friedmann and Rayhaudhuri system of equations with k = +1 (we
assume that G=onst):
a¨
a
= −4piG
3
(
ρ+
3p
c2
)
+
Λc2
3
,
(
a˙
a
)2
=
8piGρ
3
−
( c
a
)2
+
Λc2
3
,
c = c0
(
a
a0
)n
= san, p = wc2ρ,
(1)
where a = a(t) is the expansion sale fator of the Friedmann metri, p is the fluid pres-
sure, ρ is the fluid density, k is the urvature parameter, Λ is the osmologial onstant,
c0 is the modern value of speed of light (3 × 1010 sm/se) and a0 is the modern value of
the sale fator (a0 ∼ 1028 sm).
Using (1) one get
ρ˙ = −3a˙
a
(
ρ+
p
c2
)
+
c˙c(3− a2Λ)
4piGa2
. (2)
Choosing w = 1/3 one an solve (2) to reeive
ρ =
M
a4
+
3s2na2(n−1)
8piG(n+ 1)
− s
2nΛa2n
8piG(n+ 2)
, (3)
where M > 0 is a onstant haraterizing the amount of radiation. It is lear from the
(21) that the flatness problem an be solved in a radiation-dominated early universe by
an interval of VSL evolution if n < −1, whereas the problem of Λ-term an be solved only
if n < −2. The evolution equation for the sale fator a (the seond equation in system
(1)) an be written as
p2 + U(a) = E, E ≥ 0, (4)
where p = −aa˙ is the momentum onjugate to a, E = 8piGM/3 and
U(a) =
s2a2n+2
n+ 1
− 2s
2Λa2n+4
3(n+ 2)
. (5)
The potential (5) has one maximum at a = ae =
√
3/(2Λ) suh that
Ue ≡ U(ae) = s
23n+1
2n+1Λn+1(n+ 1)(n+ 2)
, (6)
so Ue > 0 if (i) n < −2 or (ii) n > −1. The first ase allows us to solve the flatness
and "Lambda" problems. The surplus dividend of the model is the presene of finite time
region during whih universe has aelerated expansion (see Appendix).
3 The semilassial tunneling probability in VSL mod-
els with n < −2: the ase E ≪ Ue
One an hoose n = −2 −m with m > 0. Suh a substitution gives us the potential (5)
in the form
Um(a) =
s2
a2(m+1)
(
2Λa2
3m
− 1
m+ 1
)
. (7)
The equation (4) is quite similar to equation for the partile of energy E that is moving
in potential (7), hene the universe in quantum osmology an start at a ∼ 0, expand
to a maximum radius a′i and then tunnel through the potential barrier to the regime of
unbounded expansion with "initial" value a = ai, see Fig.2. The semilassial tunneling
probability an be estimated as
P ∼ exp
(
−2
∫ ai
a′
i
| p˜(a) |da
)
, (8)
with
| p˜(a) | = c
2(t)
8piG~
| p(a) |, | p(a) |=
√
Um(a)− E, E ≤ Ue.
It is onvenient to write E = Ue sin
2 θ, with 0 < θ < pi/2.
For the ase E ≪ Ue one an hoose
a′i ∼ a1 =
√
3m
2(m+ 1)Λ
, ai ∼
√
3
2Λ
(√
m+ 1
sin θ
)1/m
, (9)
and evaluate the integral (8) as
P ∼ exp
(−s3Λ2+3m/2Im(θ)
4piG~
)
, (10)
where
Im(θ) =
∫ zi(θ)
z′
i
(θ)
dzz−5−3m
√
2z2
3m
− 1
m+ 1
, (11)
with
z′i(θ) =
√
3m
2(m+ 1)
, zi(θ) =
√
1.5
(
(m+ 1)1/2
sin θ
)1/m
.
The integral (11) an be alulated for the m ∈ Z. For example
I1(θ) =
√
3
17010
(
3 + cos2 θ
) (
191− 78 cos2 θ + 15 cos4 θ)√6 + 2 cos2 θ ∼ 0.148 +O(θ6),
I2 ∼ 0.025, I3 ∼ 0.007, I4 ∼ 0.002,
and so on. One an further show that Im(θ) > 0 at 0 < θ ≪ 1. Thus, it is easy to see
from (16) that the semilassial tunneling probability P → 0 for large values of Λ > 0
and P→ 1 at Λ→ 0.
Note, that the ase c=onst an be obtained by substitution m = −2 into the (16).
Not surprisingly, this ase will get us the well known result P ∼ exp(−1/Λ) (see [7℄).
In quantum osmology the losed universe an spontaneously nuleate out of a state
with no lassial spae and time. It mean that we must hoose
(a′i)
2 ≤ a2P l(t) =
~G
c3(t)
. (12)
Substituting (9) into (12) one get the inequality,
Λ ≤ Λm = 3m
2(m+ 1)
(
~G
c30a
3(m+2)
0
)2/(4+3m)
, (13)
where c0 is the modern value of speed of light and a0 the modern value of sale fator (or
the size of visible universe: a0 ∼ 1028 sm). For example
Λ1 = 0.14×10−90 sm−2, Λ2 = 0.48×10−80 sm−2, Λ3 = 0.22×10−74 sm−2, Λ10 = 10−63 sm−2.
For the ase m≪ 1 we get
4Λ2c30a
6
0
9~G
≤ m2 ≪ 1,
so Λ≪ 0.16× 10−116 sm−2.
It is onvenient to introdue the osmologial parameter Ω0 =| ρΛ(t0) | /ρc(t0), where
ρ
Λ
(t0) is the ontribution of Λ to modern value of density and ρc(t0) = 10
−29 gramme/sm3
is the ritial density. One get
Ω0 =
∣∣∣∣ρΛ(t0)ρc(t0)
∣∣∣∣ = (m+ 2)c20Λ8piGmρc(t0) ≤ Ωm =
(m+ 2)c20Λm
8piGmρc(t0)
.
So
Ω1 = 0.2× 10−34, Ω2 = 0.5× 10−24, Ω10 = 0.6× 10−7, Ω20 = 1.3× 10−4,
and so on. Hene, in framework of this model, the whole ontribution of Λ in modern era
is a quite negligible quantity (And that's just how it should be.).
The obtained values of Λ are seemingly unnatural. Of ourse, we an assume that
a′i > aP l, in spite of the (12). In this ase, we reeive the following piture: there is the pre-
Big-Bang universe whih an start its evolution at a ∼ aP l, expand to a maximum radius
a′i and then tunnel through the potential barrier to the regime of unbounded expansion
i.e. turn into the universe we see nowadays. The probability of this proess will be large
for small value of Λ. But the Λ-term in our universe will be the same as in pre-Big-Bang
universe. Thus, the above senario doesn't explain the reason why the Λ was so small
in pre-Big-Bang universe and how the pre-Big-Bang universe was born. Therefore, if we
want to desribe the quantum nuleation of universe we must use the (12). As we have
seen, the requirement for this is the verity of (13), i.e. the smallness of Λ and it is highly
unommon that for suh values of Λ, the probability of quantum nuleation, in fat, will
be so large.
4 The semilassial tunneling probability with n < 2
and n > −1
In the ase of general position the semilassial tunneling probability with n = −2 −m
has the form
Pm ∼ exp
(
− s
3Λ(3m+4)/2
4piG~3(m+1)/2
√
m(m+ 1)
∫ zi
z′
i
dz
z3m+5
√
Fm(z, θ)
)
, (14)
where
Fm(z, θ) = −2m+1 sin2 θ z2(m+1) + 2× 3m(m+ 1)z2 −m3m+1, (15)
z is dimensionless quantity and z′i, zi are the turning points, i.e. two real positive solutions
of the equation Fm(z, θ) = 0 for the given θ (it is easy to see that the equation Fm(z, θ) = 0
does have two suh solutions at 0 < θ < pi/2).
If m is the natural number then the expression (14) has a more simple form. For
example
P1 ∼ exp
(
−s
3Λ7/2 sin θ
6piG~
√
2
∫ zi
z′
i
dz
z8
√
(z2 − z′i2)(z2i − z2)
)
, (16)
with
z′i =
√
3
2 cos(θ/2)
, z′i =
√
3
2 sin(θ/2)
.
This expression an be alulated exatly:
P1 ∼ exp
(
−s
3Λ7/2 sin θJ(θ)
6
√
2piG~
)
, (17)
with
J(θ) =
1
105
(
2 sin(θ/2)√
3
)5 [
8λ4 − 13λ2 + 8
cos2(θ/2)
Π
(
µ2;
pi
2
\ arcsinµ
)
− 2 (2λ4 − λ2 + 2)K(µ2)] ,
where µ2 = cos θ/ cos2(θ/2), λ = cot(θ/2), Π and K are omplete ellipti integral of the
first and the third kinds orrespondingly [8℄.
Similarly,
P2 ∼ exp
(
−s
3Λ5 sin θ
18piG~
∫ zi
z′
i
dz
z11
√
(z2 + z21)(z
2 − z′i2)(z2i − z2)
)
, (18)
where
z1 =
√
3
sin θ
cos
(
θ
3
− pi
6
)
, z′i =
√
3
sin θ
sin
θ
3
, zi =
√
3
sin θ
cos
(
θ
3
+
pi
6
)
,
and so on.
Therefore the probability to obtain (via quantum tunneling through the potential
barrier) the universe in the regime of unbounded expansion is strongly suppressed for
large values of Λ and small values of the initial sale fator ai =
√
3/(2 sin(θ/2)
√
Λ). In
other words, overwhelming majority of universes whih are nasent via quantum tunneling
through the potential barrier (5) have large initial sale fator and small value of Λ.
Furthermore, it's lear that this ase permits to obtain the analog of the (13) too.
Now, let us onsider the ase (ii), when n > −1. The "quantum potential" has the
form
U(a) = s2a2m
(
1
m
− 2Λa
2
3(m+ 1)
)
, (19)
where m = n + 1 > 0, see Fig. 3. The points of intersetion with the absissa axis a are
a0 = 0 and a1 =
√
3(m+ 1)/2Λm. Choosing E = 0 in equation (4) and substituting (19)
into the (8) we get
P ∼ exp
(
−s
3Λ(1−3m)/2
4piG~
∫ z1
0
z2m−2
√
1
m
− 2z
2
3(m+ 1)
dz
)
, (20)
with z1 =
√
3(m+ 1)/2m 2. Thus, we have the same effet as if 0 < m < 1/3.
The density ρ is
ρ =
M
a4
− 3(1−m)s
2
8piGma4−2m
+
s2(1−m)Λ
8piG(1 +m)a2−2m
. (21)
The seond term is the urvature term, whereas the third term is the Λ-term. It is easy
to see that at large a the first term falls off faster than the urvature term whih in turn
falls off faster than the Λ-term. At the beginning, when t = t1 and a(t1) = a1 we have
ρ(t1) = −ρΛ(t1) = − s
2(1−m)Λ2−mm1−m
22+m31−mpiG(1 +m)2−m
,
therefore
a¨(t1)
a(t1)
= −4piG
3
(
ρ(t1) + 3
p(t1)
c2(t1)
)
+
Λc2(t1)
3
=
1
3
(
8piGρΛ(t1) +
Λs2
a
2(1−m)
1
)
> 0.
2
The starting value z = 0 means that the Universe tunneled from "nothing" to a losed universe of a
finite radius a1 = z1/
√
Λ.
In other words, we have aelerated expansion at the beginning. As times goes by, the
Λ-term will be dominating term so
a(t) ∼
(
s
√
Λ(1−m)3
1 +m
t
)1/(1−m)
∼ tκ,
with κ = 1/(1−m) ∈ (1, 1.5), at t→∞. Therefore for t→∞ we have a¨ < 0. It means
that aelerated expansion ontinue during a finite time.
5 Peuliar ases with n = −1 and n = −2
Now, lets onsider the ases of n = −1 and n = −2. The formula (14) is not valid in
these ases (m = −1 and m = 0) so we shall onsider these models separately.
If n = −1 (m = −1) then
ρ =
M
a4
+
Λs2
8piGa2
− 3s
2
4piGa4
log
a
a∗
,
therefore
U(a) = s2
(
2 log
(
a
a∗
)
− 2a
2Λ
3
+ 1
)
, (22)
where a∗ are onstant and [a∗]=sm. The potential (22) has one maximum at a = ae =√
3/(2Λ) suh that Ue = U(ae) = 2s
2 log(ae/a∗), so if ae > a∗ then Ue > 0 (see Fig. 4)
. We hoose a∗ = Λ
−1/2
. This gives us Ue = 0.41s
2 > 0. For the ase E ≪ Ue the
semilassial tunneling nuleation probability is
P
−1
∼ exp
(
−s
3
√
Λ
4piG~
∫ zi
z′
i
dz
z2
√
log z2 − 2z
2
3
+ 1
)
∼ exp
(
− s
3
√
Λ
10piG~
)
, (23)
where the turning points are z′i = 0.721, zi = 1.812. As we an see from the (23), when
n = −1 we reeive the aforementioned effet again.
If n = −2 (m = 0) then
ρ =
M
a4
+
s2Λ
2piGa4
log
(
a
a∗
)
+
3s2
4piGa6
.
We hoose a∗ = 1/(α
√
Λ), where α is a dimensionless quantity. Thus
U(a) = −s2
(
1
a2
+
4Λ
3
log
(
αa
√
Λ
)
+
Λ
3
)
. (24)
The maximum of potential (24) is loated at the same point ae and
Ue = −s
2Λ
3
(
3 + log
(
9α4
4
))
.
Therefore, Ue > 0 if α < 2e
−3/4/
√
6 ∼ 0.386. Choosing α = 0.286 and E ≪ Ue gets us
the turning points z′i ∼ 0.77 and zi ∼ 2.391. The potential is pitured on the Fig.5.
At last, the semilassial tunneling nuleation probability is
P0 ∼ exp
(
− s
3Λ2
4piG~
∫ zi
z′
i
dz
z4
√
− 1
z2
− 4
3
log(αz)− 1
3
)
∼ exp
(
−0.084s
3Λ2
piG~
)
.
6 Conlusion
As we have shown, the semilassial tunneling nuleation probability in VSL quantum
osmology is quit different from the one in quantum osmology with c=onst. In the first
ase this probability is strongly suppressed for large values of Λ whereas in the seond
ase it is strongly suppressed for small values of Λ. Nevertheless, we an't really say that
VSL quantum osmology results in solution of the Λ-mystery. The problem is the validity
the WKB wave funtion. And what is more, we have omitted all preexponential fators
whih an be essential ones near the turning points.
But, all in all, the differene between P in VSL and usual quantum osmology seems
very interesting and very signifiant.
ACKNOWLEDGMENTS
After finishing this work, we learned that T.Harko, H.Q.Lu, M.K.Mak and K.S.Cheng
[10℄, have independently onsidered the VSL tunneling probability in both Vilenkin and
Hartle-Hawking approahes. The interesting onlusion of their work is that at zero sale
fator the lassial singularity is no longer isolated from the Universe by the quantum
potential but instead lassial evolution an start from arbitrarily small size. In ontrast
to [10℄, we attrat attention to the fat that the semilassial tunneling nuleation prob-
ability in VSL quantum osmology is strongly suppressed for large values of Λ and small
values of the initial sale fator ai ∼ 1
√
Λ.
We'd like to thank Professor Harko for useful information about the artile [10℄.
Appendix
Lets take n = −2−m, for the m ≥ 0. Substituting (21) into the first equation of system
(1) yields
a¨ =
1
a3
[
−E + s
2
a2m
(
− m+ 2
(m+ 1)a2
+
2(m+ 1)Λ
3m
)]
. (A1)
Thus we have the following situation:
1. If
0 < a2 ≪ 3m(m+ 2)
2Λ(m+ 1)2
,
then the urvature term is the dominating one and a¨ < 0.
2. If
3m(m+ 2)
2Λ(m+ 1)2
≪ a2 ≪ a˜2 ≡
(
2s2(m+ 1)Λ
3mE
)1/m
, (A2)
then the dominating term is Λ-term and a¨ > 0 during this time.
3. If
a2 ≫
(
2s2(m+ 1)Λ
3mE
)1/m
,
then the radiation term is the dominating one and a¨ < 0.
There are two way to interpret the region (A2). The first way is to onlude that we
have osmologial inflation in early universe. This is possible when 0 < m ≪ 1. In this
ase we an evaluate the number of e-foldings ∆N during the region (A2) as
logm ∼ −2m∆N, Λ≫ 3Em
2s2
∼ 3Em
2c20a
4
0
. (A3)
If ∆N ∼ 60 then m ∼ 0.029; if ∆N ∼ 100 then m ∼ 0.0197. To evaluate E one an use
the well-known expression for the Friedmann integrals [9℄,
A(w) =
[(
1 + 3w
2
)2
E
]1/(1+3w)
.
Sine A(1/3) = 3 × 1036 sm2/sec, we get E = 0.9 × 1073 sm4/sec2. The substitution of
A(1/3) into the (A3) results in
Λ≫ 0.435× 10−61 sm−2, Λ≫ 0.296× 10−61 sm−2,
for the ∆N = 60 and ∆N = 100.
But do we really need inflation in the VSL models? The question is not quite lear.
On the one hand, VSL models an solve fundamental osmologial problems (horizon and
flatness problems) without inflation - and what is more, these models an solve Λ-problem
whereas inflations an't do it without the anthropi priniple. On the other hand, the
simplest ase of VSL osmologial models, whih is the subjet of this artile, is faing
with the isotropy problem [3℄. But, as we have seen, VSL model results in inflation with
exit naturally so it will be inorretly to oppose VSL models and the inflation.
Another way to interpret the region (A2) is to identify this region with modern ael-
eration of universe. This is possible if m is suffiiently large. Let us make a rude guess.
Aording to modern observations we an write a¨0/a0 = 5.6piGρc/3 where ρc = 10
−29
gramme/sm3. If the modern value of a0 ∼ a˜ (see the inequality (A2)) then
Λ =
3mE
3c20(m+ 1)a
4
0
. (A4)
From the (A1) we have
a¨0 ∼ 2(m+ 1)Λs
2
3ma2m+30
if the Λ-term is dominating one. Substituting (A4) gets us
Ω
Λ
=
Λc20
8piGρc
∼ 0.35m
m+ 1
, a0 ∼ 4
√
3E
5.6piGρc
.
Thus, if m ≫ 1 then Ω
Λ
∼ 0.35, Λ ∼ 0.2 × 10−56 sm−2, a0 ∼ 1027 sm. And these values
are seems to be quite reasonable.
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